Effective Hamiltonian for the hybrid double quantum dot qubit 
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Quantum dot hybrid qubits formed from three electrons in double quantum dots represent a 
promising compromise between high speed and simple fabrication for solid state implementations of 
single qubit and two qubits quantum logic ports. We derive the Schrieffer-Wolff effective Hamiltonian 
that describes in a simple and intuitive way the qubit by combining a Hubbard-like model with 
a projector operator method. As a result, the Hubbard-like Hamiltonian is transformed in an 
equivalent expression in terms of the exchange coupling interactions between pairs of electrons. The 
effective Hamiltonian is exploited to derive the dynamical behaviour of the system and its eigenstates 
on the Bloch sphere to generate qubits operation for quantum logic ports. 



PACS numbers: 03.67.Lx, 73.21. La, 75.10.Jm 



I. INTRODUCTION 

Dynamics of the quantum dot hybrid qubit is obtained 
from the Schrieffer-Wolff transformed effective Hamilto- 
nian in terms of effective exchange coupling interaction 
between pairs of electrons. 

Spin dynamics in quantum dot have attracted 
wide attention in the scientific community both from 
experimental^"^ and theoretica?"^ point of view because 
of their long coherence times and potential scalingESEU. 

Several architectures have been proposed based on 
single^, doublets' and triple^ quantum dot, later im- 
plemented in GaApHXS gpHU] and inSfP nanostruc- 
tures. In view of creating an architecture capable to as- 
sure the best compromise among fabrication, tunability, 
fast gate operations of one and two qubits, manipula- 
bility and scalability, hybrid qubits have been recently 
proposed 2 ^. They consist of a double quantum dot with 
three electrons distributed during the operations between 
the two quantum dots, with at least one electron in each. 
The interest raised by this architecture is due to the pos- 
sibility to obtain gate operations entirely implemented 
with purely electrical manipulations. This property en- 
ables much faster gate operations than using ac magnetic 
fields, inhomogeneous dc magnetic fields or mechanisms 
based on spin-orbit coupling. The Heisenberg interaction 
which is the dominant mechanism of interaction between 
adjacent spins suffice for all the one- and two-qubits op- 
erations, removing the need of an inhomogeneous field 
which is required for instance in single-triplet qubit d 12 " I 
Not so surprisingly, such an architecture grants the same 
symmetries in spin space as the triple dot qubit proposed 
in Ref. 1 — , but it is simpler and more compact to fabricate, 
as it requires only two dots instead of three. 

Starting from the Hubbard-like model, we derive a gen- 
eral effective Hamiltonian for the hybrid qubit in terms 
of the spin operators of the three electrons and of their 
interactions, by defining a suitable projection operator 
that follows the method of Schrieffer and Wolff 2 ^. The 
method here adopted enables us to obtain analytically 
the coupling constants between pairs of electrons under 



lesser restrictive conditions than those obtained in Refp2, 
preserving an explicit dependence of all the parameters 
involved. The system is irrespective to the host mate- 
rial, whose properties are absorbed in the coupling co- 
efficients. Next, dynamics generated by the interaction 
terms is expressed. The Heisenberg interaction should 
permit very fast gate operation, however by itself does 
not provide a universal gate. It cannot generate any ar- 
bitrary unitary transformation on a collection of spin- 1/2 
qubits as it allows only rotations among states with the 
same quantum numbers. However, defining opportunely 
coded qubit states the Heisenberg interaction alone is 
universal. 

The paper is organized as follows. Section II is de- 
voted to the derivation of the effective Hamiltonian for 
a single hybrid qubit and its dynamical behaviour, once 
realistic initial conditions are provided, while in Section 
III the pictorial representation of the eigenvectors in the 
Bloch sphere analyzing two limiting cases of interest, cor- 
responding to the situation in which two electrons are 
confined in the right or in the left dot, is presented. 



II. 



EFFECTIVE HAMILTONIAN FOR THE 
HYBRID QUBIT 




Figure 1. Schematic energy profile and single electron energy 
levels in the hybrid spin qubit 

This Section describes the derivation of an effective 



Hamiltonian that accounts for the quantum behaviour of 
the hybrid qubit in the regime of low energy excitations. 
Next, the dynamical behaviour in the logical subspace 
is analyzed. The hybrid qubit, whose energy profile is 
shown schematically in Fig. [I] is composed of a double 
quantum dot with two electrons in the left dot and one 
electron in the right dot. Levels denoted by e\ and £ 2 
refer to the lowest single particle energies of the doubly 
occupied dot in the left, £3 is the lowest single particle 
energy of the single occupied dot on the right. Each level 
has a two-fold degeneracy. 



Effective Hamiltonian from the projector 
method 



The Hubbard-like Hamiltonian 26 model of the double 
dot hybrid qubit is written in terms of the creation and 
annihilation fermionic operators of the three spins, which 
are c k and Ck respectively, and consists at first order of 
four contributions, given by 



H = H e + H t +Hu + Hj 



(1) 



with 



H e = j^ £ k c i 



k<y°kiy 



fc=l,<r 



H t = £13 ^{Aa c z>j + h.c.) + t 23 ^2(cl a c 3a + h.c.) 

a a 

3 

Hu = ^ U k n kt n U + Ui2{nif + n u )(n 21 - + n 2 ^)+ 
fc=i 



orbit method have instead shown that the exchange cou- 
pling can be ferromagnetic under certain parameters 
condition d 27 * 28 !. Here, we choose to start our analysis 
from this exact second quantized Hamiltonian (nj) to ex- 
press exchange couplings between pair of electron spins. 
In particular the coefficients here introduced in Eq.© 
are: the spin-exchange J l e 3 , the pair-hopping J l jj and the 

occupation-modulated hopping terms 3\ 3 . These param- 
eters, as well as the Coulomb energies and the intra-dot 
bias voltage, are fixed by the geometry of the system. 
On the contrary, the tunneling parameters and the inter- 
dot bias voltage are tunable, by acting on the potential 
barriers. 

In the same spirit of RefP, by emplyoing the projector 
operator method^, we convert the Hubbard-like Hamil- 
tonian (fTl) into its effective equivalent with spin-spin in- 
teractions, i.e. exchange coupling, between pairs of elec- 
trons. We define the projector P and its complementary 

Q, 

P = nLiKt(l-n n )+n H (l-n fet )] Q = 1-P, (4) 

in such a way that the total Hilbcrt space of the three 
electrons system is divided into a subspace P, which con- 
sists of holes and single occupancies and the complemen- 
tary subspace Q with at least one double occupancy. We 
point out that a system with only spin degeneracy is 
considered. This holds for both III - V semiconductors 
for which direct bandgap sussists, as well as valley de- 
generate indirect bandgap semiconductors for which the 
degeneracy is lifted in nanoscale devices^. 

It is possible to demonstrate starting from the 
Schrodinger equatiorP that 



1 



jff e ff = pup — PHQ QHP 

+ t/i3(nit + ni4.)(n 3 t + n 3 4.) + ?723(n2t + n24.)(n3t + n34.) ' QHQ- E 



(5) 



Hj = Hf + Hf + Hf (2) 



where 



Hy 



-Jl 3 {n A n^ + nuriji) - [Jt J 4 l c] t c ji Ci^+ 



describes as well the dynamics of H. In addition we 
observe that the operator Q can be expanded as Q — 
J2id=i Qij an d concerning with the low energy excitation 
the term 



+ J ^ c 3tSV i t c 4 + 



E 

k.a 



Jt n kaCia C jcr 



h.c. 



(3) 



Qi 



1 



QHQ-E 



(6) 



The first two terms H e and H t describe respectively the 
single electron energy level of each dot and the tunnel- 
ing energy between the two dots. These two terms to- 
gether constitute the single-particle part of the Hamil- 
tonian. The last two terms Hjj and Hj constitute 
instead the two-body part, i.e., the Coulomb interac- 
tion between pairs of electrons belonging to the same 
dot (intra-dot interaction) or to different dot (inter-dot 
interaction). Taking into consideration only the two- 
body part in correspondence to Hjj it was observed 
only an anti-ferromagnetic exchange coupling between 
the pair of electrons 8 . Numerical results based on Heftier- 
London approximation or Hund-Mulliken molecular- 



could be replaced by ^^r, where AJSy is the energy 
difference of the energy with one Qij and the energy of 
PHP. Finally the effective Hamiltonian appears in the 
following form 



H 



eff 



PHP E xj^ phq ^ hr 



ift 



(7) 



To calculate all the contributions in Eq.([7]), let's con- 
sider initially all the possible configurations with single 
and double occupancies in the three orbitals. The config- 
urations are shown in Fig(2] and are divided in different 
boxes with different colours in such a way to have at our 
disposal a visualization of the terms that contribute in a 



consistent way to the calculations, neglecting those with 
higher energy. 
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Figure 2. Configurations in correspondence to the projectors 
P and Qij. The configuration in the blue box at the left is 
the one of reference and correspond to the projection P. The 
configurations in the blue box on the right, having the energy 
of the same order of magnitude of the configuration on the left, 
contribute in a consistent way to the effective Hamiltonian. 
Those in the red box in the upper part have higher energies 
and are neglected. 



PHQ 12 HP = PHQ 21 HP = 4(J t 12 ) 2 (l/4 - Si • S 2 ) 
PHQ 13 HP = PHQ 31 HP = 4(t 13 - J t 13 ) 2 (l/4 - Si • S 3 ) 



PHQ 23 HP = PHQ 32 HP = 4(t 23 - ^ 3 ) 2 (l/4 



S 2 • S 3 ), 

(12) 



where the following identities, that directly link the 
fermionic operators with the spin operators, have been 
used : 



1 



c\ a c klJ i = -<W(«-fcT + Tiki) + Sfc • (J a' 



C ko- c ka 



= 5„ 



!- 2 ( n fct + "*-!■) 



- S, ■ 



(13) 



where the spin operator is defined by S k = 
\ Tl, a a' clcr^o-o-'Cfco-' and a is the Pauli operator. 

Collecting finally all the terms and upon neglecting the 
constant factors, we finally reach the closed form for the 
effective Hamiltonian 



H e ~ J13S1 ■ S3 + J23S2 • S 3 + J12S1 • S 2 



(14) 



For completeness we provide the explicit expression of 
the energies associated to each configuration: 



E(ijk) = isi + J£2 + ks 3 + ijU 12 + ikUi 3 + kjU 2 
+ S i2 U 1 +6 l2 U 2 + S k2 U 3 



(8) 



£(111) — £ 1 + e 2 + £3 + Ui 



U 



Uo 



(9) 



In order to separate the main contribution from pertur- 
bations at this point we evaluate the order of magnitude 
of the energies involved: the inter-dot energies indeed are 
smaller with respect to the intra-dot ones, that is 

Ae 12 = £1 - £2 < U 13 ~ U 23 < Ui, U 2 , U 3 , U l2 , (10) 

Aei 3 an< i Ae 2 3 are tunable. This condition allows us 
to neglect some terms with respect to others since they 
contribute less. In particular the neglected terms are 
those in correspondence to the highest energy differences 
(depicted in the red box in FigM that are of the order 
of magnitude of U\ . 

Under such conditions, the contributions appearing in 
Eq.([7]) return: 



3 



PHP = s Te k 



1 



^ -„ , u 12 + U 13 + U 23 - -(J e iJ + Jf + J e i2 ) + 
fc=l 



2J e 13 (Si • S 3 + 1/4) - 2Jf (S 2 • S 3 + 1/4) 
2J e 12 (Si ■ S 2 + 1/4) 



(11) 



where, neglecting the configurations Q13 and Q 23 , that 
give the highest energy differences, the effective coupling 
constants are given by 



J13 — Ji 



1 



-4(i 13 - Jl'Y - 2J, 



rl3 



where the indices 0<i^j^fc<2, assuming only inte- 
ger values, denote the number of electrons in each energy 
level. The quantities of interest, appearing in Eq.([7]) are 
the differences of E^j k ) with the energy associated to J 12 = J' 
PHP, corresponding to the case in which there is only 
one electron in each orbital, that is 



£■(012) — -^(111) 

J23 = J 2 * ^ 4(i 23 - J? 3 ) 2 ~ 2J e 23 



E, 



(102) ~ -E'(lll) 

1 

£'(201) — ^(111) 



1 



£(021) - £( 



(111) 



4( J?? - 2Jl 

(15) 



The exchange couplings include the effects of dot tunnel- 
ing, dot bias, and both on-site and off-site Coulomb in- 
teractions. Each coupling term contains the term —2,Pj 
which is the ferromagnetic direct exchange between the 
two electrons from their Coulomb interactions and the 
anti-ferromagnetic superexchange. Consequently, the 
value of each Jij can be either positive or negative and 
it depends stricly on the values of the parameters en- 
tering into the expressions (15 1. The coupling constants 



arc tunable thanks to the control on the tunneling cou- 
plings tij which can be provided by external gates and 
on the inter-dot bias voltage Ae^. On the contrary, the 
Coulomb energy Ui, Uj, J l J and J\ 3 , as well as the intra- 
dot bias voltage Aei 2 , are geometry dependent and they 
cannot be easily tuned. 

In this analysis we have neglected the Overhauser field 
from the lattice nuclear spins. It is neglegible for fast 
operations or for purified silicon, for which the hyperfine 
coupling can be neglected with respect to the strong ex- 
change coupling between pairs of spins. In all the other 
cases a more detailed analysis including the nuclear field 
operator in each dot is needed. 

We have reached a closed form for the effective Hamil- 



tonian describing the hybrid qubit constituted by only 
direct exchange interactions between pair of spins. The 
dependence of all the physical parameters of the dots is 
preserved. 



B. Qubit base and matrix expression of the 
effective Hamiltonian 



In this paragraph the effective Hamiltonian is recast in 
a more compact and useful form using the logical basis 
introduced in Refill With the aim of defining the logical 
basis for the hybrid qubit, we first enumerate the possible 
transitions between the three electrons spin states that 
can be induced by manipulations which preserve total 
spin angular momentum. To do this we consider the 
Hilbert space of three electron spins that has a dimension 
of 8. The total spin eigenstates form a quadruplet with 
S = 3/2 and S z = -3/2, -1/2, 1/2, 3/2 and two doublets 
each with S — 1/2 and S z = ±1/2, where the square of 
the total spin is h 2 S(S + 1) and the z-component of the 
total spin is HS Z . To encode our qubit we restrict to 
the two-dimensional subspace of three-spin states with 
spin quantum numbers S = 1/2 and S z = —1/2, like 
in Ref.ES. We point out that only states with the same 
S and S z can be coupled by spin independent terms in 
the Hamiltonian. The logical basis {|0), |1)}, that we are 
going to introduce, is constituted by singlet and triplet 
states of a pair of spins, for example the pair in the left 
dot, in combination with the angular momentum of the 
third spin, localized in the right dot. This means that the 
logical states choosen are finally expressed in this way 

10) = \S)\ |>, |1) = y||T }| |) - y||T_)| t) (16) 

where \S), \T ) and \T_) are respectively the singlet and 
triplet states, whose explicit form, in terms of the eigen- 
states of g z , is here reported for completeness 

\ S) = imHjt) , |T 0)= im^it) , | T _ >= | U> . 



The effective Hamiltonian just derived ( 19 1 could 



^/2 



^/2 



(17) 



Explicit calculations of the matrix elements of H e ^ in 
this basis give 



be successfully exploited to analyze the dynamical be- 
haviour of the system. Eq. ( 19 ) contains indeed all the 



informations on the system through the coupling con- 
stants, that when varied from the external allow oper- 
ations on the qubit. Gate operations are implemented 
by acting on the energy splitting and by increasing the 
tunnel couplings, which drive transitions between qubit 
states. We point out that matrix elements of the Hamil- 
tonian depend on the tunnel amplitude and are inversely 
proportional to the energy difference. We conclude this 
Section by presenting an example of the dynamical evo- 
lution of the system by starting from a specific initial 
condition. 

We start from the initial condition in which the qubit is 
prepared in the state denoted by |0) in the logical basis. 
In Appendix [A] the full exact dynamics is derived and 
the explicit probability amplitudes concerning the state 
of the system at the time instant t are given, once the 
initial condition is fixed. Exploiting Eqs.( |A6| ) we obtain 
the condition on the time instant under which the qubit 
undergoes a transition from the logical state |0) to |1) 



t = 



vw- 



arcsin ± 



y/(A-B) 2 +4C 2 



B) 2 +4C 2 \ 2C J 7 

(20) 
where the coefficients A, B and C are defined in 
Eqs.(A4). We notice that the arcsin function is defined 



in the interval [—1, 1], as a consequence there is only one 
condition for the coefficients of Eq.(20) returning real 
valued time, that is 



A ~ B =>• t ~ — arcsin(±l) 



(21) 



The condition for the coefficients in terms of physical 
parameters of the system is expressed by 



3J' ~ V3{Ji - J 2 ). 



(22) 



This relationship gives a simple condition that links di- 
rectly the coupling constants involved in the system. It is 
consequently possible to change suitably the tunnel bar- 
rier between the dots to guide the system toward a switch 
from |0> to |1). 



(0|F e ^|0>=- i J' 

(l\H^f\l) = \j'- l -{J 1 + J 2 ) 

(0|F e ^|l) = <l|tf^|0) = -^(J x - J 2 ), (18) 
leading directly to the following matrix form 

-^(Ji-Ji) ^ (19) 

4 (Ji-Ja) JJ'-KJi + JaW' 




III. QUBIT OPERATIONS: BLOCH SPHERE 

The objective of this Section, exploiting the effective 
Hamiltonian (14) obtained in Section II, is to analyze 



how exchange interaction can drive arbitrary qubit oper- 
ations. Eigenstates are here derived considering the full 
basis of the three electrons and represented as points on 
the Bloch sphere in connection with the states of the log- 
ical basis presented earlier. The single qubit operation is 
directly linked to the variation of the effective coupling, 
that appears as a rotation around a specific axis on the 



Bloch sphere. 

Eigenstates and eigenenergies of the three electron 
spins in two dots are shown in Eqs.(23). As we have al- 



ready mentioned, the eight spin eigenstates of the Hamil- 
tonian comprise a quadruplet \Qs z ) and high- and low- 
energy doublets lA^) and \A' S }, 



\Q+i 
\Q+i 

\Q-i 
10-1 

|A_i 



l A U 



I A' x 



= I 1tt) 
1 

~7s 
i 

"7! 

= I III) 



(l m> + 1 tit) + 1 m» 

(I lit) + 1 Itl) + 1 til)) 





1 






v/4" 2 


+ 2fi(J' - 

1 


-2J 2 


+ Ji) 


V*w 


+ 2fi( J 2 - 
1 


-23' 


+ Ji) 



y / 4Q 2 + 2n(2J 2 -J' -Ji) 

1 
^/4n 2 + 2n(2 J* - j 2 -Ji) 



{(j 2 - j' - n)| ttl) + (Ji - J a + n)| tit) + (■/' - Ji)| Itt)} 

{(J 2 - J' + 0)| til) + (f -Ji- m |tl) + (Ji - Ja)| lit)} 

{(j 2 - j' + 0)1 ttl) + (Ji - J a - n)| tit) + (J' - Ji)| Itt)} 

{(J 2 - Ji - n)| til) + (J' - Ji + m Itl) + (Ji - Ja)| lit)} : 



(23) 



the relative energies are given by 

J' + Ji + J 2 
h Qs z - 

Ea s = 



E 



a: 



J' 


4 


+ ^2 


-0 


J' 


+ Ji 


2 
+ Ja 


+ 



s 8 



(24) 



where 51 = ^^ 



/ 2 



n 



j l — j J2 — J1J2 ~ j' j\. 



At this point we focus our attention on some cases of 
physical interest. The cases under study correspond to 
two different situations: one in which the coupling J 2 is 
greater with respect to the others, which means that two 
electrons are confined in the right dot, and the opposite 
situation in which two electrons are in the left dot, that 
means a larger contribution from J' . The explicit ex- 
pressions of eigenvectors and eigenvalues in such limiting 
cases are collected in Appendix [B] 

States of the qubit correspond to points on the Bloch 
sphere shown in Fig. [3j Exchange J 2 drives rotations 
about the vertical axis, where \D' S ) and \Ds z ), given in 



Eqs.(Bl I, denote respectively states with the pair of spins 
in the right dot forming a singlet and a triplet states. On 
the other hand exchange J' drives rotations about an axis 
tilted by 120° and defined by doublets \D' S ) and \D S J, 
see Eqs.(B3l, that correspond to singlets and triplets 
states on the left dot. Arbitrary single-qubit operations 
can be achieved by concatenating up to four exchange 
pulses as shown in RefM 



The logical states introduced in Eq.(16) are equivalent 




v±i) 



*4*> 



Figure 3. Graphical representantion of the eigenvectors on 
the Bloch Sphere 



to 



\0) = \&_r), \1) = \D X) 



(25) 



in the Bloch sphere. The logical basis is formed from two 
states with equal S z , one taken from each doublet. The 
implementation of full single qubit operation needs the 
preparation and read out of only two of the three electron 
spins. 

We have to point out that the system under study, 
presenting the same symmetries as the triple dot archi- 
tecture proposed in RefP^, provides an analogue picture 
in the Bloch sphere. This means that it is possible to 



construct gate operations in a similar manner as in the 
triple dot model. 



IV. CONCLUSIONS 

Starting from the generalized Hubbard model, we an- 
alytically derive in the Schrieffer- Wolff transformation 
framework a complete formula for the exchange coupling 
between three confined electrons in a double quantum 
dot, independently of the host material. The tunable 
exchange couplings depend explicitly on intradot and in- 
terdot Coulomb repulsions, tunnel couplings and interdot 
bias. The three interacting electrons are used to encode 
a logical qubit, that combine singlet-triplet states of the 
pair of spins in the left dot with single spin states of the 
electron spin in the right dot. 

We have shown how the exact dynamics of the system 
is exploited to guide the system towards specific states 
of interest, by suitably tuning the external bias voltages 
and the tunneling parameters. We have also provided a 
picture of the system on the Bloch sphere to link the tun- 
ing of the effective exchange coupling with the rotation 
of the involved state. 

Our results pave the way towards two-qubit operations 
controlled by the effective exchange couplings, in order 
to implement complex logic gates. 



where 

Ai,2 = i(a=F/3), 
and 



A + B „ J(A-B) 2 +4C 2 

a = n » P = - n 



A = -J>, 



B 



V3 



(J1-J2), C 



(A3) 



\j'+\('h+J2) 



(A4) 
Eqs.(A2) contains the more general form for the proba- 



bility amplitudes at every time instant t. Once that the 
initial condition is fixed it is possible to extract the values 
for the coefficients c\ and c 2 . 

In the case of the specific initial condition analyzed in 
Section II in which the system is prepared in the state 
of the logical basis corresponding to \ifj(0)) = |0), the 
coefficients are 



o(0) = 1 

6(0) = 0. 



(A5) 



After straightforward calculations we get the probability 
amplitudes 



a{t) = ^-\P cos(pt) +i(A-a) sm(fii)] 



b(t) 



_ ■ iat (A-a) 2 - 



sin(/3t). 



(A6) 
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Appendix B: Eigenvalues and eigenvectors of three 

exchange-coupled spins in two limiting cases of 

interest 



Appendix A: Dynamical evolution 

Time-dependent Schrodinger equation for the hybrid 
qubit described by Hamiltonian ( 19 ) is here solved. 

The state of the system at the initial time t = is 
written as a normalized superposition of the states of the 
logical basis {|0), |1)} with probability amplitudes given 
by a(0) and 6(0). The normalization condition |a(0)| 2 + 
|6(0)| 2 = 1 is satisfied. Due to the conservation of the 
total angular momentum operator, it follows that also at 
a generic time instant t, the state of the system can be 
written analogously with probability amplitudes a(t) and 
b(t) depending explicitly on time 

1-0(0)) = a(0)|0) + 6(0)|1) =* \m) = a(t)|0) + 6(t)|l). 

(Al) 
By inserting this expression into the time-dependent 
Schrodinger equation H\ip(t)} = i\i/j(t)) and by solving 
the system of two first order differential equations for the 
probability amplitudes a(t) and 6(£), we finally obtain 



a(t) = ae Xlt + 
6(<) = c 1 '" 



c 2 e 



\ 2 i 



iC 



-V!t +C2 A ; 



iC 



iA e X 2 t 



(A2) 



In this Appendix eigenvectors and eigenvalues of the 
hybrid qubit, decribed by the effective Hamiltonian (14 1, 
are presented in two special cases. Two limiting con- 
ditions of interest from the practical point of view, are 
analyzed. 



1. Case J 2 ^> J' ~ J\ 

Under the condition on the exchange coupling J2 3> 
J' ~ Ji , that means that two electron arc confined 
in the right dot, eigenvectors and eigenvalues in 
Eqs.d23| and pi} become 



1 



+i> = ^(im) + int>- 


21 in)) 


_!> = ^(iwt> + im>- 


21 m» 


+1) = ^ (I m> - int)) 




-i) = 4(mt)-im» 





(Bl) 



Ed> 8m =~l J 2- 



(B2) 



En„ =-,f 



J D S 



E n , = — 



./'. 



(B4) 



2. Case J' ^> J 2 ~ J\ 

On the other hand, the opposite condition corre- 
sponding to two electrons confined in the left dot, 
that is J' ^> J 2 — Ji, gives as eigenvectors and 
eigenvalues 

\d + i) = -^ (utt) + int> - 21 m» 
|5_i) = ^(im) + un)-2|ut» 



\D' +h ) = -= (i nt> - 1 in)) 
i^)^(im)-im)) 



(B3) 
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